Abstract. We study three restrictions on normalizers or centralizers in finite p-groups, namely:
Introduction
The analysis of groups which satisfy some restriction related to normality is a common topic in group theory. Classical examples are the determination by Dedekind [5] and Baer [2] of the groups with all subgroups normal (now known as Dedekind groups), the characterisation by Neumann [10] of the groups G with |G : N G (H)| < ∞ for every subgroup H as the centralby-finite groups, or the characterisation in the same paper of the groups with |H G : H| < ∞ for every subgroup H as the groups with finite derived subgroup. Numerous papers have been devoted to other types of normality conditions, and this is an active area of research nowadays.
In the recent papers [13] and [14] , a new condition has been considered in connection to normality, in the realm of nilpotent groups. If G is nilpotent and H is a proper subgroup of G, we know that |N G (H) : H| > 1. The normalizer N G (H) will be as large as the whole of G if H is normal in G, but what happens if we impose a bound to the index |N G (H) : H| for every non-normal subgroup H? Dedekind groups satisfy this type of condition vacuously; what can be said about non-Dedekind groups? For finite nilpotent groups, this problem reduces to finite p-groups, for p a prime. Thus the following question arises: if k is a fixed positive integer, what can be said about the finite p-groups G which satisfy that (1) |N G (H) : H| ≤ p k for every H G, and which are not Dedekind groups?
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In [13] , Q. Zhang and Gao have classified all such groups for k = 1, thus answering a question of Berkovich [3, Problem 116 (i) ]. Apart from the non-abelian groups of order p 3 , we have the group given by the presentation
the three infinite families of 2-groups of maximal class (dihedral, semidihedral, and generalised quaternion), and these two other families of 2-groups:
(2) a, b | a 2 n−2 = b 4 = 1, a b = a −1 , for n ≥ 4, and (3) a, b | a 2 n−2 = b 4 = 1, a b = a −1+2 n−3 , for n ≥ 5.
Observe that the order of these groups is at most p 4 for odd p, but can be arbitrarily large for p = 2. This different behaviour of the odd primes and the even prime is not particular to the case k = 1. As X. Zhang and Guo have shown in [14] , for p > 2 and arbitrary k, the order of the non-Dedekind (i.e. non-abelian) groups satisfying (1) is bounded. More precisely, they get the bound |G| ≤ p (2k+1)(k+1) , which is valid under the seemingly weaker assumption that
A related problem can be raised about centralizers of elements. If G is a group and g ∈ G, we have the inclusion g ≤ C G (g). If g ∈ Z(G) then C G (g) is as large as the whole group G, but otherwise we can require that the index |C G (g) : g | should be small. Thus we may ask what can be said about G if |C G (g) : g | is bounded as g runs over G Z(G), a question that we have addressed in [6] in the case of finite groups. In particular, if G is a non-abelian finite p-group such that |C G (g) : g | ≤ p k for every g ∈ G Z(G),
we have proved that |G| ≤ p 2k+2 with the only exception of Q 8 , and that this bound is sharp. By similarity with condition (4) about normalizers, in this work we also deal with the restriction
Now we state the main results of the paper, Theorems A and B below. Our goal is to study non-Dedekind finite p-groups satisfying any of the conditions (1), (4) or (5) . It is convenient to introduce the following notation: if G is a non-Dedekind finite group, we define mni(G) = max{|N G (H) : H| | H is not normal in G}, and its two variants,
and mci
This way, conditions (1), (4) and (5) can be rephrased as mni(G) ≤ p k , mni * (G) ≤ p k and mci * (G) ≤ p k , respectively. Of course, in studying the groups satisfying any of these conditions, we may assume that the equality holds.
Clearly, we have (6) mci
for every non-Dedekind finite group G, and so (5) is the weaker of the three restrictions (1), (4) and (5). As we will prove in Proposition 2.2, if G is a finite p-group then actually mni(G) = mni * (G), and so (4) is not weaker than (1) in that case. Thus we only need to deal with the two conditions mni(G) = p k and mci * (G) = p k . However, Theorems A and B are also stated in the case mni * (G) = p k for completeness. It is important to stress that the equality mni(G) = mni * (G) does not hold in general for finite groups. For instance, the alternating group A 5 is a counterexample.
In our first result we improve the aforementioned bound of X. Zhang and Guo for condition (1) and p > 2, from a quadratic to a linear function in the exponent of p. The bound that we get is best possible, and is valid under the weaker hypothesis that (5) holds.
Theorem A. Let G be a non-abelian finite p-group, where p > 2. If either
. This bound is sharp under all three conditions. Now we deal with the case where p = 2, which has only been considered before in the literature under condition (1), and only for k = 1. We show that the finite 2-groups satisfying any of the conditions (1), (4) or (5) are either of bounded order, or belong to one of two infinite families F 1 and F 2 , which we describe next.
Both families consist of 2-groups of the form G = b, A , where A is normal abelian, and b 2 ∈ Ω 1 (A). In the family F 1 , we take A of exponent 2 n and a b = a s for every a ∈ A, where either s = −1 and n ≥ 1, or s = −1 + 2 n−1 and n ≥ 3. These groups can be constructed with the help of the theory of cyclic extensions (see Section III.7 of [12] ), and any element in Ω 1 (A) is a valid choice for b 2 . Observe that Z(G) = C A (b) = Ω 1 (A) for n ≥ 2, and that the only Dedekind groups in the family
is not a Dedekind group and A is of rank r, then the values of mni(G), mni * (G), and mci * (G) are as follows (see Theorem 4.2):
and mci * (G) = 2 r , if G A contains an element of order 2, 2 r−1 , otherwise.
On the other hand, in the family F 2 , we have A = a 1 ×A * , where o(a 1 ) = 2 n and A * is non-trivial of order 2 m . The action of b on A is given by a b 1 = a s 1 z and (a * ) b = (a * ) s for every a * ∈ A * , where z ∈ Ω 1 (A * ), z = 1, and either s = −1 or s = −1 + 2 n−1 . We assume that n ≥ 2 if s = −1, and that n ≥ 3 and n ≥ m if s = −1 + 2 n−1 . (The condition n ≥ m guarantees that the automorphism induced by conjugation by b is of order 2 when s = −1 + 2 n−1 .) Again by the theory of cyclic extensions, for given A and s, any choice of z ∈ Ω 1 (A * ) 1 and b 2 ∈ Ω 1 (A) will define a group in F 2 . Since a 1 G, the family F 2 consists entirely of non-Dedekind groups. As above, we have Z(G) = C A (b) = Ω 1 (A). In this case, we have (see Theorem 4.4) Thus the values of mni(G), mni * (G), and mci * (G) vary with the rank of A in the case of family F 1 , and with the order of A * , in the case of F 2 . In any case, they are independent of n, which allows to have 2-groups of arbitrarily large order with a fixed value of any of the three invariants we are considering. Our second main result shows that the groups in F 1 and F 2 are the only such examples.
Theorem B. Let G be a non-Dedekind finite 2-group, and suppose that either mni(G) = 2 k , mni
Observe that the infinite families obtained by Q. Zhang and Gao in their classification of finite 2-groups with mni(G) = 2 all belong to our family F 1 , by choosing A ∼ = C 2 n−1 in the case of 2-groups of maximal class, and A ∼ = C 2 n−2 × C 2 for the groups in (2) and (3). On the other hand, note that the groups of the family F 2 are not present in the case k = 1. Indeed, according to the values of mni(G) given above, if G lies in F 2 and mni(G) = 2, then necessarily A * = z is of order 2, b 2 ∈ A 2 , and b 2 z ∈ A 2 . Since also z ∈ A 2 , it follows that the subgroup Ω 1 (A), which is of order 4, has three elements outside A 2 . Consequently A 2 = 1, and this implies that n = 1, which is never the case in the family F 2 .
Notation. We use standard notation in group theory. In particular, d(G) stands for the minimum number of generators of a finitely generated group G. We write exp G for the exponent of a finite group G. If G is a finite p-group and i ≥ 0, then Ω i (G) denotes the subgroup generated by the elements of G of order at most p i , and G p i is the subgroup generated by the p i th powers of all elements of G. We also put Ω i (G) = 1 and G p i = G for i < 0. On the other hand, we write Cl G (g) for the conjugacy class of an element g in a group G.
Preliminary results
In this section, we collect some preliminary results that are needed for the proof of Theorems A and B. First of all, we prove that mni(G) = mni * (G) for every non-Dedekind finite p-group G. We need the following lemma. Lemma 2.1. Let G be a finite p-group, and let g ∈ G. Then |G :
Proof. Put p r = o(g), p s = |G : N G ( g )|, and p t = | g G : g |. Let us assume, by way of contradiction, that s ≥ t + 1. Let n r be the number of subgroups of g G of order p r . Observe that n r is at least the number of conjugates of g in G, that is, p s . Hence (7) n r ≥ p t+1 .
On the other hand, n r equals the number of elements of order
Now by comparing (7) and (8) we derive a contradiction.
The previous result is not always valid if G is not a finite p-group. (1 2)(3 4), (1 3)(2 4) , the Klein four-group. Thus |A 4 :
Proposition 2.2. Let G be a finite p-group, and let H be a subgroup of G.
Proof. By applying Lemma 2.1 to the group N G (H) and the element h, we get
It follows that
The equality mni(G) = mni * (G) does not hold for all finite groups. For example, we have mni(A 5 ) = 3 but mni * (A 5 ) = 2.
Next, given a finite abelian subgroup A of a group G, we analyse when all subgroups of A are normal in G. Proposition 2.3. Let A be a finite abelian subgroup of a group G. Then the following are equivalent:
(i) All subgroups of A are normal in G.
(ii) All direct factors of A are normal in G.
(iii) For every direct product decomposition A = a 1 × · · · × a r with o(a 1 ) = exp A, the subgroups a i and a 1 a j are normal in G for every i = 1, . . . , r and j = 2, . . . , r. (iv) There is a direct product decomposition A = a 1 × · · · × a r with o(a 1 ) = exp A, such that the subgroups a i and a 1 a j are normal in G for every i = 1, . . . , r and j = 2, . . . , r. (v) For every g ∈ G, there exists an integer s = s(g) such that a g = a s for every a ∈ A.
If these properties are fulfilled, then G/C G (A) embeds in U (Z/eZ), where e is the exponent of A.
Proof. It is clear that (ii) follows from (i), that (iv) follows from (iii), and that (i) is a consequence of (v). We complete the equivalence of the five conditions by showing that (ii) implies (iii), and that (iv) implies (v). Let A = a 1 × · · · × a r be a decomposition with o(a 1 ) = exp A. Then also o(a 1 a j ) = exp A for every j = 2, . . . , r, and a 1 a j is a direct factor of A by [8, 2.1.2]. Thus (iii) follows from (ii).
Let now A = a 1 × · · · × a r be a direct decomposition of A which fulfils the conditions in (iv). Then for every g ∈ G and every i = 1, . . . , r and j = 2, . . . , r, there exist integers s i , t j such that a g i = a
, and so t j ≡ s 1 (mod o(a 1 )), and t j ≡ s j (mod o(a j )) for every j = 2, . . . , r.
Since o(a 1 ) = exp A, it follows that o(a j ) divides o(a 1 ), and consequently If G is a non-Dedekind finite group, we denote by R(G) the intersection of all non-normal subgroups of G. Note that R(G) coincides with the intersection of all non-normal cyclic subgroups of G. We will need the following result of Blackburn [4, Theorem 1]: if G is a non-Dedekind finite p-group and R(G) = 1, then p = 2, R(G) is of order 2, and G belongs to one of the following types:
Here, a Q-group is a group G = A, b , where A is abelian but not elementary abelian, a b = a −1 for all a ∈ A, and b 2 ∈ A is of order 2. Note that all Hamiltonian groups (i.e. non-abelian Dedekind groups) are Q-groups, as well as all generalised quaternion groups. On the other hand, Q-groups belong to the family F 1 that we have defined in the introduction.
The following remark will be useful in the proof of our results.
Lemma 2.4. Let G be a non-Dedekind finite p-group, and let C be a cyclic subgroup of G. Then there exists a non-normal cyclic subgroup C * of G such that |C ∩ C * | ≤ |R(G)|.
Proof. Let C * be a non-normal cyclic subgroup of G for which the intersection C ∩ C * has minimum order, and assume by way of contradiction that |C ∩ C * | > |R(G)|. Then, by the definition of R(G), there exists a nonnormal cyclic subgroup D of G such that C ∩ C * ≤ D. Since C is a cyclic finite p-group, we have either C ∩ C * ≤ C ∩ D or C ∩ D < C ∩ C * . Now the former case is impossible, since C ∩ C * ≤ D, and the latter is contrary to the choice of C * . This contradiction proves the claim.
If G is a non-Dedekind finite p-group, then mni(G) and mni * (G) are greater than 1, since G satisfies the normalizer condition. It may happen however that mci * (G) = 1, but only in very few cases, as we next show.
Lemma 2.5. Let G be a non-Dedekind finite p-group. Then mci * (G) = 1 if and only if p = 2 and G ∼ = Q 2 n is a generalised quaternion group, with n ≥ 4.
Proof. Assume first that mci
Since G is a finite p-group, it follows that Z(G) = R(G) is of order 2, and G is isomorphic to one of the groups given in (R1), (R2), and (R3). Then G is necessarily a generalised quaternion group, since otherwise |Z(G)| ≥ 4. The converse can be easily checked.
The following result is a particular case of a theorem of Kummer about the p-adic valuation of a binomial coefficient [ 
Lemma 2.6. Let p be a prime, and let m ∈ N. Then for every 1 ≤ i ≤ p m , if p ℓ is the highest power of p which divides i, the binomial coefficient
If y is an element of a group G such that the normal closure y G is abelian, then we have
for every x ∈ G and for every n ∈ N. Similarly, if the derived subgroup of x, y is abelian, then
The following lemma is well-known to experts (it can be used, for example, to show that certain metacyclic p-groups are split). However, since we have not found a clear reference in the literature, we have decided to include it, for the convenience of the reader, in the precise form that we are going to need it. Recall that, if G = g is a finite p-group and p > 2, then the (only) Sylow p-subgroup of Aut G is cyclic, generated by the automorphism g → g 1+p . Lemma 2.7. Let G be a finite p-group, where p is an odd prime, and let K be a normal cyclic subgroup of G, of order p s . If g p t ∈ K p t for some positive integer t ≤ s, then there exists h ∈ gK such that h p t = 1 and h ∩ K = 1.
Proof. Let p m be the order of g modulo K. Then m ≤ t, and
(Note that we need the condition t ≤ s for the last equality to hold.) Hence
Let y ∈ K be such that g p m = y p m , and put h = gy −1 . Let also p n be the order of y.
Since y is normal in G, we can use (9) and get
Now, observe that g p m acts as the identity on y , so g embeds as a subgroup of order at most p m in Aut y . Since p > 2, the only subgroup of order p m in Aut y is generated by the automorphism y −→ y 1+p n−m . This implies that [y −1 , g] ∈ y p n−m = Ω m ( y ). Since this subgroup is normal in G, it follows that [y −1 , g, i−1 . . ., g] ∈ Ω m−i+2 ( y ) for every i ≥ 2, and so (12) [
and
Since, according to Lemma 2.6, the binomial coefficient
is divisible by p m−i+2 for 2 ≤ i ≤ m + 1, it follows from (11), (12) and (13) that
Finally, observe that o(hK) = o(gK) = p m in the quotient group G/K. Since h p m = 1, this implies that h ∩ K = 1, and we are done.
Remark 2.8. The restriction t ≤ s in the statement of the previous lemma is needed to avoid artificial counterexamples. For instance, if G = g is cyclic of order p t and K is a non-trivial proper subgroup of G, then g p t ∈ K p t , but it is impossible to find an element h as in Lemma 2.7.
Odd primes
In this section we prove Theorem A. Since mci * (G) ≤ mni * (G) = mni(G), it suffices to prove the result when mci * (G) = p k . We begin with a particular case.
Proposition 3.1. Let p be an odd prime, and let G be a non-abelian finite p-group such that mci * (G) = p k . If G possesses a maximal abelian normal subgroup all of whose subgroups are normal in G, then |G| ≤ p 2k+2 .
Proof. Let A be a maximal abelian normal subgroup all of whose subgroups are normal in G, and let p n be the exponent of A. By Proposition 2.3, the quotient group G/A embeds in U (Z/p n Z), which is cyclic of order p n−1 (p−1). Thus G/A is cyclic of order p t for some t ≤ n − 1. This implies in particular that n ≥ 2, since G is non-abelian. Since p > 2, we can choose a generator gA of G/A such that a g = a 1+p n−t for every a ∈ A. As a consequence, C A (g) = Ω n−t (A) and C A (g p t−1 ) = Ω n−1 (A). In particular, we have g p t ∈ Ω n−t (A). Now write A = B×C, where B is homocyclic of exponent p n , and exp C ≤ p n−1 . Thus |B| = p rn for some r ≥ 1. Also, we have Ω n−t (A) = B p t × Ω n−t (C), and so g p t = b p t c, with b ∈ B and c ∈ Ω n−t (C). By applying Lemma 2.7 to the quotient G/Ω n−t (C), with b Ω n−t (C)/Ω n−t (C) playing the role of K, there exists h ∈ gA such that h p t ∈ Ω n−t (C). Note that h plays the same role as g, in the sense that hA is a generator of G/A, and C A (h p t−1 ) = Ω n−1 (A).
Since o(hA)
Since Ω n−1 (A) = B p × C and A ∩ h ≤ C, we have
This, together with (14) and (15), yields
Since |B p | = p r(n−1) , it follows that
by using that both r and n − 1 are greater than or equal to 1. Hence
On the other hand, since |Ω n−1 (A) : Ω n−1 (A)∩ h | ≥ |Ω n−1 (A)|/p n−1 , again by (14) and (15) we get
Now, since A is abelian, we have |A| = |A p n−1 | |Ω n−1 (A)|. Hence
and so, by (17) and (18),
It follows that |G| = |G/A| |A| = p t |A| ≤ p 2k+2 , which completes the proof.
In order to attack the general case, we need the following result about automorphisms of an abelian group of the form C p n × C p × · · · × C p , where n ≥ 2. Lemma 3.2. Let p be an odd prime, and let B = b 1 × B * , where o(b 1 ) = p n ≥ p 2 , and B * is elementary abelian of order p m . If Q is the subgroup of Aut B formed by the p-automorphisms that act as the identity on B * , then we have Q = ϕ 1 × Q * , where ϕ 1 is the automorphism of B defined by the rules
and Q * is the subgroup of Q formed by the automorphisms which also act as the identity on B/B * . Also, we have Q * ∼ = B * , and thus Q ∼ = C p n−1 × C p m .
Proof. Given ψ ∈ Q, let us write ψ(b 1 ) = b i 1 b * with i ∈ Z and b * ∈ B * . Observe that i is not divisible by p, since o(ψ(b 1 )) = p n and n ≥ 2. Since ψ is a p-automorphism and p is odd, i must be a power of 1 + p modulo p n . Then we have ψ = ϕϕ * = ϕ * ϕ, where ϕ and ϕ * are the automorphisms in Q sending b 1 to b i 1 and to b 1 b * , respectively. Since ϕ is a power of ϕ 1 , it follows that Q = ϕ 1 × Q * . Finally, since every b * ∈ B * induces the automorphism
Now we complete the proof of Theorem A. Recall that, for p an odd prime,
Theorem 3.3. Let p be an odd prime, and let G be a non-abelian finite p-group such that mci
Proof. According to Proposition 3.1, we may assume that there exists at least a subgroup H of G satisfying the following condition (C): H is an abelian normal subgroup of G containing a subgroup which is not normal in G. Among all subgroups of G satisfying (C), we choose one, B, which is minimal in the following sense:
(ii) If H satisfies (C) and exp B = exp H, then |B| ≤ |H|. Let p n be the exponent of B, and let b 1 ∈ B be such that b 1 G. Since mci
If n = 1 then |C G (b 1 )| ≤ p k+1 , and in particular |B| ≤ p k+1 . Since |G :
follows that |G| ≤ p 2k+2 , and we are done. Hence we assume that n ≥ 2 in the remainder of the proof.
Let W be a maximal elementary abelian normal subgroup of G. Since exp B ≥ p 2 , it follows from the choice of B that w G for every w ∈ W . Hence W ≤ Z(G). On the other hand, by a well-known theorem of Alperin Let Q be the subgroup of Aut B which was defined in Lemma 3.2. Since every g ∈ G induces a p-automorphism of B which acts as the identity on B * , there is an embedding Φ : G/C −→ Q. By Lemma 3.2, we have
for some t ≤ n − 1 and s ≤ r. In particular, G/C is abelian, exp G/C = p t , and
In the following, we let g 1 denote an element whose image g 1 in G/C has order p t . Then g 1 need not correspond to a power of ϕ 1 under Φ, but if t ≥ 2 then Φ(g 1 ) = ϕ i 1 ϕ * for some ϕ * ∈ Q * , and for some i which is divisible by p n−t−1 but not by p n−t . Now ϕ i 1 generates the same subgroup of Q as the automorphism sending b 1 to b
, and ϕ * acts trivially on B p . Hence we get (23) [b 1 , g
We will need these facts later on. It also follows that
an equality that holds for every value of t ≥ 1.
Since G is p-central, we have |Ω 1 (G)| ≥ |G : G p | by [7, Theorem C]. Now we consider two cases, according as C ≤ G p or not. If C ≤ G p then, since G/C is abelian, it follows in particular that G ′ ≤ G p , and G is a powerful pgroup. Since b 1 ∈ G p in this case, we may write b 1 = g p i for some g ∈ G G p . But then g ∈ C G (b 1 ) = C ≤ G p , which is a contradiction. Thus we have |C : C ∩ G p | ≥ p, and
We conclude that
Claim 3. The theorem is proved if there exists h ∈ C such that h ∩ B 1 = 1, h G, and [h, y] = 1 for some y ∈ G whose order modulo C is p t−1 .
For such an element h, we have h ∩ B p = h ∩ B p 1 = 1, and consequently the order of h ∩ B is at most p. Hence
it follows that
By (21), we have n + r − 1 ≤ k − t + 2. Then we conclude from (20) and (22) that
as desired.
Observe that, in the case that t = 1, the existence of the element y in Claim 3 is straightforward, by taking y = 1. So in that case we only have to worry about finding an appropriate h ∈ C.
Claim 4. We may assume that there exists en element g ∈ G of order p t modulo C, such that g ∩ B 1 = 1 and g p t−1 G.
The even prime
In this section we study finite 2-groups with a given value of mni(G), mni * (G), or mci * (G). As indicated in the introduction, in this case one cannot bound the order of the group G, and this is due to the existence of two infinite families F 1 and F 2 in which the group order can grow arbitrarily while mni(G), mni * (G), and mci * (G) remain bounded. We begin by calculating the values of these invariants for the groups in F 1 and F 2 . We need the following straightforward lemma.
Lemma 4.1. Let G be a finite 2-group in one of the families F 1 or F 2 , and let g ∈ G A. Then:
Both possibilities b 2 and b 2 z always occur. In every case, we have g 2 ∈ Ω 1 (A), and so o(g) = 2 or 4. 
Proof. First of all, observe that all subgroups of A are normal in G. On the other hand, we claim that g G for every g ∈ G A. Otherwise, [g, A] is contained in g 2 , which is either trivial or of order 2 by Lemma 4.1. Since a g = a −1 or a g = a −1+2 n−1 for every a ∈ A, it follows that either A ∼ = C 2 × · · · × C 2 , or A ∼ = C 4 × C 2 × · · · × C 2 and g 2 ∈ A 2 1. In any case, G is a Dedekind group, which is a contradiction.
We begin by calculating mci * (G). For every g ∈ G A, we have
and so
Observe that this equality holds for every group G in F 1 , not only for nonDedekind groups. Now, if G is not a Dedekind group, then according to the previous paragraph, every g ∈ G A generates a non-normal subgroup of G. Consequently, mci * (G) is as given in (29). Let us now obtain mni * (G), which by Proposition 2.2 coincides with mni(G). Let again g be an arbitrary element of G A, and put N = g 2 , which is a normal subgroup of G. Then
since gN has order 2 in G/N . By applying (31), which is valid for every group in F 1 , to the group G/N , we get
Now, by (i) of Lemma 4.1, we have g 2 ∈ A 2 or g 2 ∈ A 2 simultaneously for every g ∈ G A, according as b 2 ∈ A 2 or not. This proves (30).
Remark 4.3. If G ∈ F 1 and b 2 ∈ A 2 , then b 2 is a direct factor of A, (for this, we need to use that b 2 is of order 2). Then G can be given as a semidirect product G = b ⋉ A, where d( A) = r − 1 and a b = a s for every a ∈ A. Thus the groups of this kind are a generalisation of the groups given in (2) and (3), which were infinite families of 2-groups satisfying mni(G) = 2. Proof. Let us first obtain the value of mci * (G). Let g be an arbitrary element of G A. Since C A (b) = Ω 1 (A), we can argue as in the proof of Theorem 4.2 to get
where r is the rank of the abelian group A. On the other hand, if g ∈ A and g G (there is at least one such element, namely a 1 ) then necessarily o(g) = 2 n . Since C G (g) = A, it follows that
Now, since r ≤ m + 1, with equality if and only if A * is elementary abelian, it readily follows that mci * (G) is as in (32): simply observe that, if there exists g ∈ G A of order 2, then g is not normal in G.
Let us now calculate mni * (G), under the assumption that n ≥ 3. In this case, every g ∈ G A generates a non-normal subgroup of G, since o(g) ≤ 4 and [g, G] contains a s−1 1 z, which is of order 2 n−1 . Put N = g 2 , which is a normal subgroup of G. Then, as in the proof of Theorem 4.2, we have
Now observe that G/N is a group either in F 1 or in F 2 (depending on where N is located inside A). Thus by applying (31) or (34), it follows that
On the other hand, if g ∈ A and g G then o(g) = 2 n , and
Consequently,
, if A * is elementary abelian, and there exists g ∈ G A such that g 2 ∈ A 2 , 2 m , otherwise.
Then (33) follows from here, since by Lemma 4.1, g 2 is congruent to b 2 or b 2 z modulo A 2 for every g ∈ G A, and both cases occur.
Remark 4.5. Formula (33) is not valid for n = 2. Let us consider the group 
We conclude by proving Theorem B. The following lemma will be needed.
Lemma 4.7. Let G be a finite group, and let N be a normal subgroup of G for which G/N is not a Dedekind group. Then mci Observe that the inequality mci
Theorem 4.8. Let G be a non-Dedekind finite 2-group, and suppose that either mni(G) = 2 k , mni * (G) = 2 k , or mci * (G) = 2 k . Then there exists a polynomial function f (k) of degree four such that, if |G| > 2 f (k) , then G belongs to one of the families F 1 or F 2 .
Proof. It suffices to prove the result under the condition that mci * (G) = 2 k . By Lemma 2.5, we may assume that k ≥ 1, since generalised quarternion groups belong to F 1 . Let A be a maximal abelian normal subgroup of G. We split the proof of the theorem into two cases, according as all subgroups of A are normal in G, or not.
(i) Assume first that every subgroup of A is normal in G. In particular, we have Ω 1 (A) ≤ Z(G). Let us write A = a 1 × · · · × a r , where o(a 1 ) ≥ · · · ≥ o(a r ), and all factors are non-trivial. We put o(a 1 ) = 2 n , so that exp A = 2 n . For simplicity, we write U for the group of units U (Z/2 n Z).
If x is a non-normal cyclic subgroup of G then, by using that mci
and consequently r ≤ k + 1. If we also have n ≤ k + 1 then |A| ≤ 2 k 2 +2k+1 , and by Corollary 2 to Theorem 1.17 of [11] we get |G| ≤ 2 f 1 (k) for a polynomial f 1 (k) of degree 4. Thus we may assume that n ≥ k + 2 in the sequel. Let g be an arbitrary element of G. If s is an integer such that a g 1 = a s 1 , then we have a g = a s for every a ∈ A, by Proposition 2.3. Note that this property implies that C G (a 1 ) = C G (A) = A. Let q be the order of s in U . Since a
it follows that g q is the first power of g lying in A. Consequently | g :
Assume now that g ∈ G A, so that q > 1. Since q is a power of 2, we can consider the element g 1 = g q/2 . Then a
, where s 1 = s q/2 is such that o(s 1 ) = 2 in U . Since n ≥ k + 2 ≥ 3, there are three possibilities for s 1 : it can be 1 + 2 n−1 , −1 + 2 n−1 or −1.
We claim that s 1 = 1 + 2 n−1 . Assume otherwise, and put J = a 1 , g 1 . Observe that J is not a Dedekind group, since exp J ≥ 8. Also, J is not a group of type (R1) or (R2) in Blackburn's classification of 2-groups with R(G) = 1, since a group of any of those types needs at least 3 generators. Finally, J cannot be either of type (R3), i.e. a Q-group, since the centre of a Q-group is elementary abelian (as happens with all non-abelian groups in the family F 1 ), and a 2 1 ∈ Z(J) is of order at least 4. Consequently, R(J) = 1 and, by Lemma 2.4, there exists a cyclic non-normal subgroup H of J such that a 1 ∩ H = 1. Since a 2 1 ∈ Z(J), we have
and n ≤ k + 1, which is a contradiction. Hence either s 1 = −1 or −1 + 2 n−1 . Now these two values are not squares in U , while s 1 = s q/2 and q/2 is a power of 2. This implies that q = 2. Consequently g 2 ∈ A, g = g 1 and s = s 1 . Thus either a g = a −1 for every a ∈ A, or a g = a −1+2 n−1 for every a ∈ A.
According to this last property, the image of the embedding ϕ : G/A → U of Proposition 2.3 lies in the subgroup V = −1, −1 + 2 n−1 . If im ϕ = V then there is an element g ∈ G A such that a
, which is impossible as shown in the last paragraph. Hence im ϕ is either −1 or −1 + 2 n−1 , and consequently |G : A| = 2. If we choose an element b ∈ G A, then b 2 ∈ Z(G) = Ω 1 (A). We conclude that G lies in the family F 1 .
(ii) Assume now that there are subgroups of A which are not normal in G. According to Proposition 2.3, there is a direct factor of A which is not normal in G. So we can write A = a 1 × · · · × a r , where a 1 is not normal in G, and all factors are non-trivial. (Unlike in case (i), now there is no relation between the orders of the elements a i .) Since A is normal in G, we necessarily have r ≥ 2.
Let A * = a 2 , . . . , a r . Since |C G (a 1 ) : a 1 | ≥ |A * |, it follows that |A * | ≤ 2 k . In particular, we have r ≤ k + 1, as in case (i). Also, if o(a 1 ) = 2 n then we may assume that n ≥ 2k + 2, since otherwise |A| ≤ 2 3k+1 and we get, as in case (i), that |G| ≤ 2 f 2 (k) for some polynomial function f 2 (k), of degree 2 in this case. In particular, n is at least 4.
If H is a cyclic subgroup of A of order at most 2 n−k then it follows that n ≤ 2k + 1, contrary to our assumption above. Hence C is a Dedekind group. We cannot have C ∼ = Q 8 × E, with E elementary abelian, since exp C ≥ exp A = 2 n ≥ 2 4 . Thus we are only left with the case that C is abelian. Then C = A, since A is a maximal abelian normal subgroup of G. Consequently, we have C G/A * (A/A * ) = A/A * , which means that A/A * is a maximal abelian normal subgroup of G/A * . Also, since A/A * = a 1 A * is cyclic, every subgroup of A/A * is normal in G/A * . If G/A * is abelian then G/A * belongs to the family F 1 , and otherwise we are in the situation of case (i). It follows that either |G/A * | ≤ 2 f 1 (2k) or G/A * lies in F 1 . (Take into account that mci * (G/A * ) ≤ |A * | mci * (G) ≤ 2 2k by Lemma 4.7.) In the former case, we have |G| ≤ 2 f 1 (2k)+k . In the latter, we get |G : A| = 2, and if we choose b ∈ G A then a b 1 = a s 1 z, with either s = −1 or −1 + 2 n−1 , and z ∈ A * different from 1. It follows that (a Since all subgroups of a 2 k 1 , a 2 , . . . , a r are normal in G, and since o(a 2 k 1 ) ≥ o(a 2 ), . . . , o(a r ), it follows from Proposition 2.3 that a b i = a s i for every i = 2, . . . , r. Thus (a * ) b = (a * ) s for every a * ∈ A * . Hence Z(G) = Ω 1 (A) and, in particular, b 2 ∈ Ω 1 (A). Now observe that since o(z) ≤ 2 k ≤ 2 n−1 . It follows that z b = z, and so z ∈ Z(G). Thus z ∈ Ω 1 (A * ). We conclude that G lies in the family F 2 . Now, by bringing together the results obtained in (i) and (ii), it follows that there is a polynomial f (k) of degree 4 such that either |G| ≤ 2 f (k) or G belongs to one of the families F 1 or F 2 , as desired.
